As a potentially important technology for medical x-ray computed tomography ͑CT͒, lambda tomography ͑LT͒ is to reconstruct a gradient-like image only from local projection data. Based on our recently derived exact fan-beam LT formula, ͓H. Y. Gu and G. Wang, Int. J. Biomed. Imaging 2006͑1͒, 1-9 ͑2006͔͒ here we propose a practical cone-beam LT algorithm for LT reconstruction from local data collected along an arbitrary smooth three-dimensional curve. A key step in our algorithm is to determine an appropriate vector perpendicular to the line connecting the x-ray source and an image point. The algorithm is implemented assuming an equispatial planar detector and a nonstandard spiral trajectory. The numerical simulation results demonstrate the merits of our method.
I. INTRODUCTION
Let x and represent two-dimensional ͑2D͒ vectors, f͑x͒ is a 2D bounded function, f͑͒ is the corresponding Fourier transform, we have
where R 2 denotes the 2D space. Let ⌳ be the so-called Calderon operator defined as ⌳f͑͒ = ʈ ʈ f͑͒. ͑2͒
Lambda tomography ͑LT͒ is to reconstruct a gradient-like function ⌳f͑x͒ only from directly involved truncated projection data, which is widely considered an important technology for medical x-ray computed tomography ͑CT͒ for dose reduction and dynamic analysis. Although several algorithms 1-7 were developed since the LT approach was first proposed by Smith, 8 there are no exact and efficient algorithms for fan-beam and cone-beam LT with a general scanning trajectory. Motivated by the latest results in the CT reconstruction field, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] we recently proved an exact and efficient fan-beam LT formula that handles data along any smooth curve. 21 In 1984, Feldkamp et al. proposed a practical algorithm for cone-beam reconstruction from full-scan data collected on a circular locus. 22 This formulation is desirable in many cases than an exact cone-beam reconstruction approach in terms of image quality and computational efficiency. It is well-known that the Feldkamp-type reconstruction can be performed based on any fan-beam reconstruction formula. 23 In this work, we will extend our exact fan-beam LT formula for practical cone-beam LT reconstruction in the Feldkamptype framework. Although the Feldkamp-type formula has been used to local tomography in the early days, 4,24 our formula is advantageous in the sense that it allows a general scanning trajectory and leads to an efficient numerical implementation, which are based on the latest results of the exact CT reconstruction in terms of the so-called "chord."
The article is organized as follows. In the next section, we review the basic results of 2D LT. 21 In the third section, we derive a practical cone-beam LT formula. In the fourth section, we describe the three-dimensional ͑3D͒ LT algorithm using a planar detector system. In the fifth section, we present numerical simulation results. In the last section, we will discuss the relevant issues and conclude the paper.
II. EXACT FAN-BEAM LT FORMULA
Let S represent the unit circle in R 2 . Assume that ⌫ 2 ʚ R 2 is a 2D differentiable curve parameterized by a͑t͒ , t R , f is a 2D bounded function with a compact support ⍀ 2 ʚ R 2 \ ⌫ 2 , and a fan-beam projection of f along a scanning trajectory ⌫ 2 ,
As shown in Fig. 1 , a chord L 2 is defined as a line-segment with two endpoints a͑t 1 ͒ and a͑t 2 ͒ on ⌫ 2 , and the unit vector along L 2 ,
For any point x L 2 and a͑t͒ ⌫ 2 , let us introduce the unit vector ͑x , t͒,
Let ͑·͒ represent the inner product, and 
where e 2 = e 2 ͑t 1 ,
, and "PV" represents the principle value integral.
Regarding the above theorem, we would make the following comments. First, the "differentiable general curve" means any differentiable 2D curve. Second, it is impossible that aЈ͑t͒ • Ќ = 0 for the whole integral interval ͓t 1 , t 2 ͔ ͑see the Appendix ͒. Hence, the PV integral will be involved at most a finitely many points on the scanning curve where aЈ͑t͒ • Ќ = 0. Third, for most of practical scanning trajectories ⌫ 2 , we have ͉aЈ͑t͒ • Ќ ͉ Ͼ 0 for any t ͓t 1 , t 2 ͔. In other words, the principle value integral will not be involved at all in these cases. Fourth, because D f ͑a͑q͒ ,−͒ϵ0 holds in most practical applications, we can omit the term D f ͑a͑q͒ , −͒.
III. PRACTICAL CONE-BEAM LT FORMULA
Let y be a point in R 3 and S 2 is the unit sphere. Assume that ⌫ 3 ʚ R 3 is a 3D differentiable curve parameterized by b͑t͒, t R, f is a 3D bounded function with a compact support ⍀ 3 ʚ R 3 / ⌫ 3 , and a cone-beam projection of f along a scanning trajectory ⌫ 3 ,
As shown in Fig. 2 , a chord L 3 is defined as a line-segment with two endpoints b͑t 1 ͒ and b͑t 2 ͒ on ⌫ 3 , and the unit vector along L 3 ,
For any point y L 3 and b͑t͒ ⌫ 3 , let us introduce the unit vector ␤͑y , t͒,
To derivate a practical cone-beam LT formula, we need to determine an appropriate vector ␤ Ќ ͑y , t͒ which is perpendicular to ␤͑y , t͒. Since there is a plane perpendicular to ␤͑y , t͒, there are many possible ␤ Ќ ͑y , t͒ such as
where bЈ͑t͒ = db͑t͒ / dt. In general, we prefer selecting ␤ Ќ ͑y , t͒ so that the source positions involved in cone-beam LT reconstruction are as close as possible to the plane with ␤ Ќ ͑y , t͒ being the normal. In the following, for convenience we will use Eq. ͑10͒ to define ␤ Ќ ͑y , t͒. Based on the exact fan-beam LT formula, our practical cone-beam LT algorithm can be then formulated as follows:
Let 
where
2 b͑t͒ / dt 2 , and "PV" represents the principle value integral.
Note that ⌳ f͑y͒ only produces an approximate LT value because this extension is done in the Feldkamp-type format. Nevertheless, as described below this algorithm performs well in numerical simulation.
IV. IMPLEMENTATION
Without loss of generality, to implement our cone-beam LT algorithm we use a planar detector array and make the source move along a nonstandard spiral 13, 15 as follows:
where variable radius R͑t͒ and pitch h͑t͒ are functions of t. For a given t, we define a local coordinate system in terms of the three orthogonal unit vectors: d 1 ª ͑−sin͑t͒ , cos͑t͒ ,0͒, d 2 ª ͑0,0,1͒, and d 3 ª ͑−cos͑t͒ , −sin͑t͒ ,0͒. As shown in Fig.  3 , equispatial cone-beam data are measured on a planar detector array in parallel to d 1 and d 2 at a distance D͑t͒ from b͑t͒ with D͑t͒ = R͑t͒ + D c , where D c is a constant representing the distance between the origin and the detector. A detector position in the array is denoted as ͑u , v͒, which are signed distances along d 1 and d 2 , respectively. Let ͑u , v͒ = ͑0,0͒ correspond to the orthogonal projection of b͑t͒ on the detector array. If t and D͑t͒ are given, ͑u , v͒ are determined by unit vector ␤. Thus, the cone-beam projection data can be rewritten in the planar detector coordinate system g͑t , u , v͒
Using the derivative chain rules, we have 
In the derivation from Eqs. ͑17͒-͑20͒, we have used the fact that vector ␤ depends on variable t. The readers can check the appendix in our previous paper for more details. 16 Similar to what we did for the 2D fan-beam LT algorithm, 21 we implement the 3D cone-beam LT algorithm in the following steps: 
S1. For every t, compute
S2. For every y inside a region-of-interest, S2.1. Determine a pair of parameters ͑t 1 , t 2 ͒ that y, b͑t 1 ͒, and b͑t 2 ͒ are collinear; S2.2. Reconstruct ⌳ f͑y͒ as follows:
In the numerical implementation, it is necessary to discretize Eqs. ͑15͒ and ͑16͒. Denote the sampled values of g͑t , u , v͒ as g͑t k , u m , v n ͒ with the sampling intervals ⌬t , ⌬u, and ⌬v, the derivatives ‫ץ͑‬ / ‫ץ‬t͒g, ‫ץ͑‬ 2 / ‫ץ‬t 2 ͒g, and ‫ץ͑‬ 2 / ‫ץ‬t ‫ץ‬ u͒g in Eqs. ͑15͒ and ͑16͒ can be estimated as
The others derivatives can be similarly calculated. The linear interpolation method described in Sec. 4.3 in Ref. 25 can be adapted to Eq. ͑23͒. For most of practical scanning loci, such as the nonstandard spiral used in this article, the principal value integral is not involved at all.
V. SIMULATION
To evaluate the proposed practical cone-beam LT algorithm, we implemented it in MatLab on a personal computed ͑1.0 Gagabyte memory, 2.8G Hz CPU͒, with all the computationally intensive parts coded in C. The testing object was the standard 3D Shepp-Logan phantom. 23 In our simulation, profiles are plotted in Fig. 5 . As the ground truth, we computed the ideal 2D LT image at y 3 = −2.5 cm by the definition ͑2͒ using fast fourier transform. In reference to the ideal 2D LT image, it is observed that our cone-beam LT algorithm actually performed really well.
To evaluate the image noise associated with the proposed method, Poisson noise 26 was added to projection data. In this process, 10 6 photons were emitted from the x-ray source towards each detector aperture. We repeated the simulations to produce the typical reconstructed images presented in Fig.  6 . Clearly, the noise in the reconstructed images was uniformly distributed with the strong singularities around the true boundaries. In Figs. 4 and 6, there were some artifacts outside the largest ellipsoid. The outside ellipsoid generated a strongest singularity range ͓−20.7 18.4͔ while our display window ͓−0.3 0.5͔ was relatively narrow. Just as we pointed out in Ref. 27 , this type of artifact was from the singularity at the edges in the derivative data caused by the discontinuity of the phantom.
VI. DISCUSSION AND CONCLUSION
Although there are two terms in our cone-beam LT formula ͓Eq. ͑12͔͒, their contributions are not in the same order of magnitude. According to our simulation, the first term contributed about 99.8% of the total reconstruction value while the second term was literally insignificant. Since our goal is to perform a satisfactory cone-beam LT reconstruction, we can practically omit the second term in Eq. ͑12͒. That is, without any significant loss in image quality, Eq. ͑12͒ can be simplified as 
